We answer a question of Cameron's by giving examples of 2 ℵ 0 many non-isomorphic acyclic orientations of the infinite random graph with a topological ordering that do not have the pigeonhole property. Our examples also embed each countable linear ordering. © 2004 Elsevier Ltd. All rights reserved.
there are ℵ 1 many: the countable ordinal powers of ω and their reversals, and the countably infinite random tournament.
As proved in [1] , a countable oriented graph with (P) that is neither a tournament nor the infinite random oriented graph O, must be an orientation of R. Cameron [4] was the first to notice that any such orientation must be acyclic (that is, contains no directed cycles), have infinitely many sources or infinitely many sinks, and admits a homomorphism into a countable ordinal.
A topological order of the vertices of an oriented acyclic graph D = (V, E) is a linear order on V such that if (x, y) ∈ E, then x y. Cameron [4] posed the following problem.
Problem. Are there 2 ℵ 0 (that is, cardinality of the real numbers) many non-isomorphic acyclic orientations of the infinite random graph with a topological ordering that do not have (P)?
We say that an orientation of R as described in the above Problem is bad. The goal of this short note is to answer the above Problem affirmatively. We actually prove a stronger assertion, as stated in the following theorem, which we think is of interest in its own right.
Theorem 1. There are 2 ℵ 0 many non-isomorphic bad orientations of R that embed each countable linear ordering.
We consider only countable simple graphs and oriented graphs, which we refer to as orgraphs. Directed edges are written (x, y) and we say that x is joined to y and y is joined from x. If (x, y) is a directed edge in an orgraph, then we forbid (y, x) to be a directed edge. If G is a graph or orgraph, then V (G) is the set of vertices of G, and E(G) is the set of edges of G if G is a graph, and the set of directed edges of G if G is an orgraph. If B ⊆ V (G), then we write G B for the subgraph or suborgraph induced by B; if H is an induced subgraph or suborgraph of G, then we write H ≤ G. We write G ∼ = H if G and H are isomorphic. We say that G embeds in H if G is isomorphic to an induced subgraph or suborgraph of H . If D is an orgraph, then the graph of D, written G(D), is the graph with vertices V (D) and with edge set the symmetric closure of
Proof of Theorem 1. For each integer i ≥ 3, let L i be the i -vertex linear order, and let Φ = {L i : i ≥ 3}. Fix X, an infinite, co-infinite subset of Φ, and enumerate
Define an orgraph D(X) inductively, as follows. As we proceed with the induction, each vertex will be assigned exactly one colour, red or blue. Once a vertex has been assigned a colour, it will have that colour throughout the induction. If an induced suborgraph H has each of its vertices red (blue), then we say that H is red (blue). The orgraph D(X) 1 consists of two disjoint vertices with no directed edges between them, with one vertex red and the other blue. The suborgraph Blue(1) is this blue vertex. Assume that D(X) n is defined, finite, and if n ≥ 2, then D(X) n−1 ≤ D(X) n . We will also assume that there is at least one blue vertex in D(X) n , and the suborgraph Blue(n) induced by the set of all the blue vertices of D(X) n is a finite linear order. The orgraph D(X) n+1 is defined in four stages.
If M is a linear order, then a vertex is called special for M if x is joined to the first and last vertices of M only, and x is not joined from any vertex of
For each pair u, v ∈ Blue(n) so that u < v in the linear order Blue(n), if no vertex of Blue(n) is lying between u and v, then add a new blue vertex b uv so that u < b uv < v. Further, b uv is greater than all predecessors of u and less than all successors of v, and
The vertices b uv are not directed to or from any red vertex. Observe that there are at most
new blue vertices of the form b uv added at this stage. After these blue vertices are added, add a new blue vertex a strictly less all the blue vertices, and a new blue vertex z strictly greater than all the blue vertices; the vertices a and z are not joined to or from any red vertex. The orgraph with these additional blue vertices
To D(X) n+1,blue add a disjoint red copy of L i n+1 with an additional red vertex x n+1 that is special for L i n+1 , and add a disjoint red copy of L j n+1 that has an additional red vertex y n+1 that is joined to the initial vertex of L j n+1 only and is not joined from any vertex of L j n+1 . The resulting orgraph is called D(X) n+1 .
Consider the finite undirected graph
, and each subset T of S (possibly empty), add a new red vertex which is joined only to vertices of T . Orient the edges so that if a vertex x / ∈ V is joined to y ∈ V , then (y, x) is a directed edge (in other words, edges are directed out of G).
Define
Hence, D(X) is the union of the chain
Let Blue(X) be the suborgraph induced by the blue vertices of D(X). The orgraph Blue(X) is then the union of the chain
and is a linear order. It is not hard to see that Blue(X) is dense and has no endpoints. Therefore, Blue(X) is isomorphic to the order type of the rational numbers (see Theorem 2.8 of [5] ). From the fact that the order type of the rational numbers embeds all countable linear orders (see Theorem 2.5 of [5] ), it follows that D(X) embeds each countable linear order.
We prove that D(X) is acyclic by induction on n. Clearly, D(X) 1 is acyclic. Assume that D(X) n is acyclic. In D(X) n+1 , the addition of no vertex x L creates a directed cycle. 
The linear order L is topological. To see this, note that this holds for vertices in A, since there are no directed edges between vertices of A. Since Blue(X) is itself a linear order, the ordering there is topological. In B, the topological property is satisfied by our choice of ordering of the vertices of B. As the vertices of A are all sources in D(X), and since A forms an initial segment of L, we need only check the topological property for directed edges (c, d) , where either c ∈ Blue(X) and d ∈ B or c ∈ B and d ∈ Blue(X). However, since there are no directed edges (c, d) with c red and d blue, this follows immediately.
The linear order L has order type ω + η + ω, where ω is the order type of the natural numbers, and η is the order type of the rational numbers. We now prove the following claim.
Claim 2. The orgraph D(X) does not have (P).
Let L ∈ X be fixed, and let L be the copy of L added in disjointly to D(X) m for some m. Recall that in D(X) m , the vertex x m is special for L . Let the initial vertex of L be named a . Let C = {x ∈ B\{x m } : x a }. Observe that C is finite, since B has order type ω in L. Furthermore, all the vertices of D(X) different from x m which are joined to a are in A ∪ C.
Let A = A ∪ C ∪ Blue(X), and let B = V (D(X))\A . The orgraph A cannot be isomorphic to D(X). Otherwise, G = G (D(X) (A ) ) would be isomorphic to R. Since A is a stable set and Blue(X) is a linear order, G consists of the union of an infinite empty graph (the subgraph induced by the vertices of A), an infinite complete graph (the subgraph induced by the vertices of Blue(X)) and a finite graph (the subgraph induced by the vertices of C). But then G does not have property (P), which is a contradiction.
We show that B = D(X) B cannot be isomorphic to D(X) using the back-and-forth game or method, which in our case is a two player game of perfect information played in countably many steps on two countable orgraphs D 0 and D 1 It is not hard to show that there are 2 ℵ 0 many distinct infinite, co-infinite subsets of the natural numbers. To finish the proof of the theorem, we use this fact in conjunction with the following claim.
Claim 3. If X = Y , then D(X) D(Y ).
Without loss of generality, there is an L i ∈ X\Y ; name the first vertex of L i a and the last vertex z. In D(X), for every copy of L i so that a is not a source, there is a vertex that is joined to both a and z. This is clear for the red vertices by construction, and for the blue vertices by the fact that Blue(X) is a dense linear order without endpoints.
We show that this property fails for D(Y ), which will prove Claim 3. Consider a fixed copy of L i added at some stage D(Y ) m . Since (y m , a) is a directed edge, the vertex a is not a source. However, there is no vertex x ∈ V (D(Y )) which is joined to both a and z, , then (x , z) is not a directed edge, otherwise, L i ∈ Y . (We are tacitly using here the fact that there is, up to isomorphism, exactly one linear order on n vertices, if n is a positive integer.)
